Abstract. In this paper we discuss recent progress in using the Camassa-Holm equations to model turbulent flows. The Camassa-Holm equations, given their special geometric and physical properties, appear particularly well suited for studying turbulent flows. We homogeneous, holds to order α distance from the boundaries. Near a boundary, these assumptions are no longer valid and the length scale α is seen to depend on the distance to the nearest wall. Thus, a turbulent flow is divided into two regions: the constant α region away from boundaries, and the near wall region. In the near wall region, Reynolds number scaling conditions imply that α decreases as Reynolds number increases. Away from boundaries, these scaling conditions imply α is independent of Reynolds number. Given the agreement with empirical and numerical data, our current work indicates that the Camassa-Holm equations provide a promising theoretical framework from which to understand some turbulent flows.
Introduction. Laminar Poiseuille flow occurs when a fluid in a straight channel, or pipe, is driven by a constant upstream pressure gradient, yielding a symmetric parabolic streamwise velocity profile. In turbulent states, the mean streamwise velocity remains symmetric, but is flattened in the center because of the increase of the velocity fluctuation. Although a lot of research has been carried out for turbulent channel flow, 1−6 accurate measurement of the mean velocity and the Reynolds stress profiles, in particular for flows at high Reynolds numbers, is still an experimental challenge. However, in the case of pipe flow, recent experiments for measuring the mean velocity profile have been successfully performed for moderate to high Reynolds numbers by Zagarola 7 The fundamental understanding of how these profiles change as functions of Reynolds number, however, seems to be still missing.
In wall bounded flows it is customary to define a characteristic velocity u * and wallstress Reynolds number R 0 by u * = |τ 0 |/ρ and R 0 = du * /ν, where τ 0 is the boundary shear stress. We take the density ρ to be unity, ν is the molecular viscosity of the fluid, and d is a characteristic macrolength. For instance, for channel flow d is the channel half-width, and for pipe flow d is the pipe radius. Based on experimental observation and numerical simulation, a piecewise expression of the mean velocity across the channel or the pipe has been commonly accepted, 8 for which the nondimensional mean streamwise velocity, φ ≡ U/u * , is assumed to depend on η ≡ u * z/ν and have three types of behavior depending on the distance away from the wall boundary, z : a viscous sublayer, in which φ ∼ η; the von Kármán-Prandtl logarithmic "law of the wall," in which φ(η) = κ −1 lnη + A, where κ ≃ 0.41 and A ≃ 5.5; and a power law region, in which φ ∼ η p , 0 < p < 1. Alternatively, a single curve fitting over the whole region may be proposed (see Panton 9 ). Yet another possibility is a family of power laws that fits the data away from the viscous sublayer, and has the log law as an envelope, as proposed by Barenblatt et al.
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In this paper (a summary of which was given earlier 11 ), we propose the viscous Camassa-Holm equations (VCHE) in (2.14) as a closure approximation for the Reynolds equations. The analytic form of our profiles based on the steady VCHE away from the viscous sublayer, but covering at least 95% of the channel, depends on two free parameters:
the flux Reynolds number R = dU av /ν (where U av is the streamwise velocity, averaged across the channel), and the wall-stress Reynolds number R 0 . Due to measurement limitations most experimental data are contained in this region. Let us remark that we can further reduce the parameter dependence to one free parameter by using a drag law for the wall friction D ∼ R 2 0 /R 2 . For the remaining part of the channel, we are unable to solve explicitly for the mean profile without further assumptions, but we do show compatibility of the steady VCHE with empirical and numerical velocity profiles in this subregion. The VCHE profiles agree well with data obtained from measurements and simulations of turbu-lent channel and pipe flow. For another global approach to turbulent flows in channels and pipes displaying good agreement of theoretical mean velocity profiles with experimental data see Markus and Smith. 
In (1.1), X(t, a) is the Lagrangian trajectory of the fluid parcel starting at position a at time t = 0. Other notation is
and
Moreover, the Jacobian D satisfies the equation
The extremality conditions for u, where q is viewed as a Lagrange multiplier, are given by the Euler-Poincaré equation [13] 
(above and throughout we use Einstein's notation for summations) and
the relations (1.3), (1.4), (1.5) yield the Euler equations 2. Averaged Lagrangians and the Camassa-Holm equations. In the presence of random fluctuations the Lagrangian trajectory given by X(t, a) has to be augmented with fluctuations as
Here σ = σ(x, t) = σ(x, t; ω) is a random vector field. Thus the Lagrangian L = L(ω) becomes a random variable
In (2.2), we introduce the Eulerian velocity field,
with X σ (t, a) given in equation (2.1) . This is similar to the classical Reynolds decomposition of fluid velocity into its mean and fluctuating parts. However, this decomposition is applied on Lagrangian fluid parcels, rather than at fixed Eulerian spatial positions.
Introducing the decomposition (2.3) into the Lagrangian L in (2.2) and changing the variables a to x = X(t, a) yields
where D as before is given by (1.2) and satisfies (1.3) . Noting that the composition of maps X σ and X gives (
we conclude with
At this stage we make the crucial assumption that σ is sufficiently small that the following Taylor expansions may be truncated at linear order: 6) and · denotes averaging with respect to the random event ω. Thus at this level of approximation (2.4) becomes
Therefore the averaged Lagrangian L is found to be
where we use the notation
By stationarity of L under variations in q, the last equation in the set (2.9) becomes
In order for the mean flow u to be incompressible, one takes D = 1. This imposes the condition 
where we define
These equations are slight generalizations of the n-dimensional Camassa-Holm equations. The latter correspond to the case where the isotropy conditions 
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A functional-analytic study of the Euler alpha-model is made in Marsden et al.
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Adding viscosity. We note that v in (2.12) represents a momentum. Therefore we propose that the viscous variant of (2.11) should take the following form, in which the viscosity acts to diffuse this momentum,
Again, v is given by (2.12). Throughout we will refer to equation (2.14) with definition (2.12) as the viscous Camassa-Holm equations (VCHE), or Navier-Stokes alpha-model (NS-α). The standard Navier-Stokes equations are recovered when α is set to zero. The VCHE (2.14) in three dimensions possesses global existence and uniqueness, as well as a global attractor whose bounds on fractal dimension show cubic scaling with domain size, as expected in the Landau theory of three-dimensional turbulence. The proofs of these properties of the VCHE, or NS-α model, are given in Foias et al.
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Since in (2.14), σ appears at power up to 2 and we assume |σ| to be small (at least in average), the constraint (2.10) can be given a simpler form by using the approximation
Then (2.10) becomes (by neglecting the terms of degree ≥ 3 in σ)
(2.15) See Gjaja and Holm 22 for the corresponding derivation of equations in the form (2.11) in
Generalized Lagrangian mean (GLM) theory with σ = 0 and no viscosity. We note that GLM theory provides no closure.
3. Connection with Continuum Mechanics. A mechanical interpretation of these equations may be obtained by rewriting the VCHE (2.14) (in the case where
, and co-rotational (Jau-
In this form, one recognizes the constitutive relation for VCHE as a variant of the rate-dependent incompressible homogeneous fluid of second grade, 23,24 whose viscous dissipation, however, is modified by the Helmholtz operator (1 − α 2 ∆). Thus, the VCHE, or NS-α closure model is not only Galilean invariant; it also satisfies the continuum mechanics principles of objectivity and material frame indifference. There is a tradition at least since Rivlin
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of using these continuum mechanics principles in modeling turbulence (see also Chorin 26 
where the upper bar denotes the ensemble average,ū is the mean flow,p the mean pressure and −((u −ū) · ∇)(u −ū) is the divergence of the Reynolds stresses. Our ansatz asserts that: a)ū is approximatively the solution u of the VCHE with the same symmetry and boundary conditions asū. b) The Reynolds stress divergences are given by appropriate terms in the VCHE found by matching equations (2.14) and (4.1). and the Reynolds equations (4.1) reduce to
where (u, v, w) tr = u −ū is the fluctuation of the velocity in the infinite channel
At the boundary, the velocity components all vanish and one has the stress condition
upon using wu = 0 at z = ±d. Hence, the Reynolds equations imply wv (z) ≡ 0 and
, with integration constant P 0 .
6. The VCHE for channel flows. Passing to the VCHE in the channel, we denote the velocity u in (2.14) by U and seek its steady state solutions in the form U = (U (z), 0, 0) tr subject to the boundary condition U (±d) = 0 and the symmetry condition U (z) = U (−z). In this particular case, the steady VCHE reduces to,
where
In accord with the statistical assumptions in the Reynolds equation, we also take the statistics of σ to be invariant under horizontal translations. As already mentioned above, we will suppose that away from the wall, i.e. for |z| ≤ d 0 with 0
with constants d 0 and α 0 to be determined later. The following heuristic argument may provide some help in understanding this length-scale α 0 . Clearly α and β must depend on d, τ 0 , ν, z, the only physical quantities present. Dimensional analysis then implies (with two suitable functions f and g) that
where d − |z| is the distance to the wall, while
i.e., R 0 is the wall-stress Reynolds number and ℓ * is the wall-length unit. By eliminating R 0 in (6.3) we can write
with some function h of two variables. Assuming that h(0, ∞) exists and noticing that
we obtain (as long as |z| ≤ d 0 ) that, for R 0 large enough, the ratio
is independent of R 0 . This heuristic prediction will be confirmed later in a more rigorous way.
Finally, let us note that due to the symmetry of the physical setting, we can also assume that σ 3 (x, y, −z, t; ω) ≡ −σ 3 (x, y, z, t; ω) and therefore β(−z, t) ≡ −β(z, t) , α(−z, t) ≡ α(z, t) . (6.6) 7. Realizability conditions. Recall that the statistics of σ are subjected to the condition (2.15). In the present case this takes the form
The meaning of σ forces
In this case one can prove that the following conditions hold
Indeed, if P = P z,t denotes the probability distribution of σ 3 (z, t; ω) and
Thus,
On the other hand,
This establishes the second inequality in (7.3). The first one is obvious.
The Cauchy-Schwarz inequality produces the supplementary constraint
It is easy to check that the conditions (7.2) and (7.4) are also sufficient for the existence of a random variable σ 3 (x, y, z; ω) satisfying (6.6) and (7.3) and statistically depending only on z. For any such σ 3 , choose some homogeneous random vector [σ
) has all the required statistical properties. We conclude that the inequalities (7.3) and (7.4) are the realizability conditions for the lengths α and β in the VCHE (6.1).
8. Comparing VCHE with the Reynolds equation. Comparing (5.1) and (6.1), we identify counterparts as,Ū
for a constant p 0 . This identification gives
and leaves w 2 undetermined up to an arbitrary function of z. A closure relation for − wu involving the third derivative U ′′′ (z) also appears in Yoshizawa, 28 cf. equation (8) of Wei and Willmarth.
4 ¿From (6.1) it follows that ∂ xπ = π 2 is constant. Therefore integrating twice in z, the first equation in (6.1) gives
with constants π i (i = 0, 1, 2). But the left hand side of (8.3) is symmetric under the change z → −z, so π 1 = 0 and we obtain the following relation among the profiles of β(z), α(z)
and U (z),
Since U is symmetric in z, we obtain
where the constants a, b and c satisfy the conditions
It is worth mentioning here that with an antisymmetry condition for U (z) and with (8.6) changed accordingly, one may address turbulent shear flows (Couette flows) by the same analysis as developed in this paper.
Integrating (8.4) on [−d, 0] gives
where we used (5.2) as well as U ′ (0) = 0, β(0) = 0 and U (−d) = 0. Denoting
allows (8.8) to be written also as
9. Empirical qualitative properties. It is universally accepted that the maximum of U is at z = 0 (i.e. the center of the channel) and that U ′ (z) · z < 0 for 0 < |z| < d. Also all experimental data show that U ′′ (z) < 0 over most of the channel. Thus
and (using the concavity property of U )
Then (9.1), (9.2) can be given the form 1 2
All the empirical evidence shows that
Throughout, the properties (9.3) and (9.4) will be taken as granted.
10. The wall units representation. In the lower half of the channel, the mean velocity U can be expressed in wall units using the notation φ(η) = U (z)/u * , η = (z + d)/ℓ * , with ℓ * = ν/u * = d/R 0 . In this representation, (8.6) becomes
To conclude this computation it is sufficient to approximate φ on (0, η 0 ) by the piecewise linear function equal to η for 0 < η ≤ η * and
where φ
Using this and solving for φ 0 gives an explicit function φ 0 = φ 0 (q 0 ; R, R 0 ; a/u * , b/u * ; ξ), namely
where φ ′ 0 is given by (10.3) ,
and the choice of the root φ 0 in (10.2), (10.3) will be justified at the end of Section 11.
Thus (10.1) becomes
In (10.6) the constants a/u * , b/u * , ξ and q 0 may depend on R 0 . As we will show below, Nature seems to choose them as constants (at least for large R 0 ). Recall that in Section 6
we already gave a heuristic argument that ξ = d/α should be independent of R 0 if R 0 (or R) is large enough.
11. The off wall region. The empirical data up to now suggest that for a fixed channel there is a range (z 1 , z 2 ) (with z 1 z 2 > 0) inside the channel such that for z in that range, the von Kármán log-law is a good approximation to U (z), at least for R (or R 0 ) large enough. Since for those z we have
independent of R 0 ). We will posit now the following weaker condition. For R (or R 0 ) large enough, there exists a fixed range (
Note that we make no assumption on the length of the range. The classical "defect law" of Izakson, Millikan and von Mises 31 (pp. 186-188) is the particular case of our condition when one of z i 's is 0, and the range is assumed to be wide.
Passing to the wall units representation we can formulate our assumption as: There exists 0 < q 1 < q 2 < 1, such that for q 1 R 0 ≤ η ≤ q 2 R 0 , φ(η 2 ) − φ(η) is a function of q = η/R 0 only. Since we expect q 0 in (10.6) to be quite small, we will take q 0 ≤ q 1 .
We will prove now that under the above conditions, there exist absolute constants a * , b * and ξ * such that
where a, b, ξ and q o are as in (10.6).
Indeed let f be the function defined by
Then since q 0 ≤ q 1 we have from (10.6)
Writing (11.3) for q = q 1 , we obtain
where, with c 0 an absolute constant, 6) and a 0 , c 1 ξ are parameters, constant in q but which may depend continuously on R 0 . Note
Thus (withq = ( 8) and
If ξ = ξ(R 0 ) were not constant, then (11.9) would hold for ξ in an interval [ξ 1 , ξ 2 ] with 0 < ξ 1 < ξ 2 . Differentiating (11.9) with respect to ξ gives
where h 0 , h 1 , h 2 are explicit functions of ξ only. Clearly this is impossible.
We conclude from this contradiction that there are absolute constants q 0 , a * , b * and ξ * such that 10) for q 0 R 0 ≤ η ≤ R 0 , where the function φ 0 (see (10.4)) actually depends only on q 0 , R 0 and R.
The formula (11.10) can be also written as
For R 0 → ∞ from (10.4) and (10.5) we have 13) where C is defined in (10.5) and C 0 = R 0 φ ′ 0 is constant according to (10.3). We can now explain the choice of φ 0 in (10.4) . The other possible choice was
which would have given for R 0 large enough
and consequently φ(R 0 ) ≥ R 0 which is contrary to the established facts (9.3), (9.4).
12. The mean velocity profile in the channel. Comparing the profile given by formula (11.10) with an experimental mean velocity profile, enables us to obtain the values a * , b * and ξ * as well as the smallest acceptable value q * for q 0 . In Figure 1 , we compare our formula with experimental data 4 for the Reynolds numbers R 0 equal to 714, 989, and 1608. As these Reynolds numbers are small, a * and b * have not reached their asymptotic values. It appears, however, that ξ * has reached its asymptotic value. We therefore allow a * and b * to vary slightly with R 0 while holding ξ * constant to fit the data. It turns out that ξ * = 35 and q * = 1/ξ * . Note that this choice of q * corresponds exactly to the condition that |d − d 0 | = α.
13. The Reynolds shear stress. The shear Reynolds stress is − uw (see Section 5) . Since uw z=±d = 0, one must have
On the other handŪ ≡ U and − uw is also given by (8.2) with an appropriate constant
Introducing this in (13.2) we see that (13.1) and (13.2) are compatible if p 0 is given by
Taking the wall units representation in (13.1) we obtain our theoretical Reynolds shear stress Figure 2 compares the corresponding experimental and theoretical Reynolds shear stresses. We use the same values for a * , b * and ξ * as before. The agreement in shear stresses does not extend as close to the wall as the mean velocity profiles did. The empirical matching of the mean velocity profiles as well as the Reynolds shear stresses are both given with q * = √ 3/ξ * . We note that the consistency of this closure and the experiments found in the trends followed by the Reynolds-stress profiles in Figure 2 is an exacting test of the fidelity of the mean velocity profiles as well as a test of the Reynolds stress relation predicted by equation (13.4). 14. The near wall region. As already mentioned above, in the near wall regions (i.e. where 0 ≤ η ≤ η 0 = q * R 0 and 2R 0 − q * R 0 ≤ η ≤ 2R 0 ), β may be non-zero and α may depend (as does β) on η and R 0 . The VCHE (8.4) in the wall units representation takes the form
i.e., in the whole lower half of the channel. In (14.1) we used the notations
where d + z = ηℓ * , ℓ * = d/R 0 , and
Of course we haveα 4) but the VCHE (14.1) does not defineα(η),β(η) near the wall (i.e. for 0 ≤ η ≤ q * R 0 ). However, (14.1) gives some qualitative information on the behavior ofα andβ in the near wall region. Indeed integrating (14.1) we obtain
for all 0 ≤ η ≤ R 0 . Thus (using |β| ≤ 2, see(7.3)) we find
which in turn goes to zero when R 0 → ∞, by virtue of (9.4). Thus, for η fixed,
In particular, (using φ ′ (0) = 1 and (9.3)) we obtaiñ
and, due to (14.4),
Moreover, writing (14.5) for η = 0,
and subtracting (14.5) from (14.9) we obtain
Fixing η and letting R 0 → ∞, from (14.10) we infer that
But for η fixed such that φ ′ (η) remains away from 0 when R 0 → ∞, we have β(η) → 0 because of (7.4). By virtue of Lebesgue's dominated convergence theorem we conclude
provided that φ ′ (η) stays away from 0.
It is instructive to connect (14.12) with the functions g and h considered in Section 6. First we recall that
Assuming thatβ andβ ′ are continuous across η 0 = q * R 0 allows us to conclude that
Since q * is small, assuming that
exists and is not zero, we obtain that
Butβ(0) ≥ 0, so γ(R 0 ) > 0. If γ(R 0 ) = 0, we can proceed in a similar way by involving a higher derivative of g at η 0 from the left. In all cases we have ended with a representation
where g 0 ≥ 0, g 1 ≥ 0 and g 1 (q) is a decreasing function of q with g 1 (q * ) = g ′ 1 (q * ) = 0. From (14.15), (14.13) and (14.12) we now obtain
for R 0 large enough. In (14.16), g 1 (η/R 0 ) → g 1 (0) for R 0 → ∞ and η fixed. These arguments suggest that h(β, η) ∼ h(β, 0)/ φ ′ (η) (14.17) provided β is small and 1/φ ′ (η) is bounded when R 0 → ∞. It is not clear if assuming equality in (14.17) is a judicious approximation of the function h.
A major difficulty in fine tuning our approach near the wall resides in the unavailability of experimental data in the near wall region for large Reynolds numbers. To test whether the VCHE (14.5) is still valid in this region we extrapolated the experimental profiles in Figure 1 into the near wall region according to Panton 9 to obtain α from (13.5). For simplicity of the graph, we will display the α profile only for R 0 = 1608, which is the highest Reynolds number in Figure 1 . As illustrated in Figure 3 , we find that the realizability conditions (in Section 7) are satisfied for appropriate choice of γ(R 0 ) in (14.14) and (14.13).
Clearly α lies between the upper constraint (7.3) and the lower constraint (7.4) in the near wall region. Thus, our basic ansatz is consistent with Panton's theory. For pipe flows, experimental data for quite large Reynolds numbers are available (see Zagarola 7 ). For these Reynolds numbers it is reasonable to assume that a * , b * , and ξ * have each reached their asymptotic values. In Figure 4 we compare our profiles with experimental data of Zagarola. 7 We obtain the a * , b * , ξ * and q * by using the experimental data for R = 98, 812 and use the von Kármán drag law, R/R 0 ∼ log R 0 , to obtain profiles for R = 3, 089, 100 and 35, 259, 000. See also Chen et al. 33 for additional discussion and numerical details for these comparisons.
We note that our predictions are consistent with the von Kármán log law, 34 the Barenblatt-Chorin power law, 10 as well as with the presence of the 'chevron' near the center of the flow. Our approach shows a logarithmic profile for 0.02 R 0 ≤ η ≤ 0.2R 0 and a chevron near the center of the channel. The Barenblatt-Chorin power law 10 may represent the transition in the profile from the log law to the chevron. Although our approach is in good agreement with the experiments, 7 we note that it has been argued that the experimental mean velocity profiles are too low for high Reynolds numbers.
10
Finally, we observe that the chevron may reflect the fact that, on the attractor of the dynamical system in the phase space of the turbulent flow, the Poiseuille-Hagen flow is recurrent. 
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